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Abstract We introduce two generalizations, the first of which generalizes the concept of multiresolution
analysis. We define the irregular generalized multiresolution analysis (IGMRA). This structure is defined
taking translations on sets that are not necessarily regular lattices, for which certain density requirements
are required, and without using dilations, also allows each subspace of IGMRA to be generated by outer
frames of translations of different functions. The second generalization concerns the concept of association
of wavelets to these new structures. We take frames of translations of a countable set of functions, which
we called generalized wavelets, and define the concept of association of these generalized wavelets to those
previously defined IGMRA. In the next stage, we prove two existence theorems. In the first theorem, we prove
existence of IGMRA, and in the second existence of generalized wavelets associated with it. In the latter, we
show that we are able to associate frames of translations with optimal localization properties, to IGMRA. In
the last section of this paper, concrete examples of these structures are presented for L2(R) and for L2(R2).
Mathematics Subject Classification 42C40 · 42C30
1 Introduction
From the classic concept of multiresolution analysis (MRA), introduced and further developed by Meyer
[27,28], and Mallat [24,25], which provides a systematic way to construct orthonormal wavelet bases of
L2(R), research in this area has been extended in various ways. These concepts are generalized to L2(Rd) [14],
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based on a lemma of Gröechenig [17], to lattices different from Zd [31], allowing the subspaces of MRA to be
generated by Riesz basis instead of orthonormal basis [34], by changing the original matrix of dilation 2Id , by
an expansive matrix A ∈ GLd(R) as long as AZd ⊂ Zd [23] (to ensure the existence of orthonormal wavelet
basis or Riesz associated with these structures). Then, the original definition of MRA was extended, admitting
a finite number of scaling functions (the wavelets associated with these MRA, are called multiwavelets). There
is an extensive literature on this subject, for example, [2,9,18,20]. The necessary and sufficient conditions for
the existence of wavelets basis associated with these MRA were presented in [8]. Moreover, Baggett et al.
[3] extended the definition to Generalized analysis of multiresolution considering an Abelian group of unitary
operators  over H called group of translations, with the property that the subspace V0 is invariant under
the action of . At a later stage, Benedetto and Treiber [6] introduced the MRA frame in L2(Rd), for which,
the MRA subspaces are generated by wavelet frames (i.e., frames generated by translations and dilations
of a single function), and under certain conditions, may be associated with this new structure, frames of all
space.
The previous concepts are developed on regular lattices, i.e, BZd , being B an invertible matrix. The
MRA subspaces are generated by expansion/contraction of an initial subspace, by the powers of an expansive
dilation matrix A (A is said to be expansive if |λ| > 1 for every eigenvalue λ of A). For these MRA, the atomic
decomposition of space L2(Rd) (the associated wavelets) is usually obtained in terms of frames generated by
a family of functions dilated by the powers of the expansive matrix dilation A and shifted on regular grids.
These functions generate the initial subspace.
Since long time ago, the irregular sampling problem, has inspired many researchers of mathematics [16,
21,22,26,29,32,33]. This theory also owes its increasing development to the interest in solving problems of
signal and image processing of different sciences, such as engineering, earth sciences, biology and medical
sciences, among others. Wavelet and Gabor frames on irregular grids have been studied by many researchers,
for example, in [11–13,30], and more recently in [1,5,10]. In the latter article, construction of nonstationary
Gabor frames and direct applications are shown. But in all cases of wavelets on irregular grids, they were not
associated with the structure of the MRA.
In this paper, we introduce a new generalization of the traditional MRA structure, admitting to per-
form translations on separate sets of points that require certain density requirements (i.e., discrete sets
of points of Rd are not necessarily regular lattices), and regardless of dilations. Moreover, we also allow
the association of a more general structure than traditional wavelets to these MRA, the generalized
wavelets.
The ideas that gave origin to these new structures emerged from the reading of the paper entitled Wavelet
on irregular grids with arbitrary dilation matrices and frame atoms for L2(Rd) [1], which created the need
to find a structure that generalizes the MRA, to which those wavelets exposed in this work are associated.
All the concepts in this paper are the results of the doctoral thesis [19]. The theory developed here gives
conceptually new mathematical tools, which may promote a significant advancement in signal and image
processing.
2 Notation
If A ∈ GLd(R), y ∈ Rd and f ∈ L2(Rd), we define the unitary operators:
1. (DA f )(x) := | det A |1/2 f (Ax),
2. (Ty f )(x) := f (x − y)
3. My f (x) := e−i2π(y,x) f (x)
Furthermore,
– If f ∈ L2(Rd), ̂f and fˇ will be the Fourier transform and the inverse Fourier transform, respectively. In
addition, ey(x) := e−2π i(y,x).
– Let Q ⊆ Rd be a measurable set, then χQ is the characteristic function of Q, μ(Q) to denote the Lebesgue
measure of Q and ∂Q will be the boundary of Q.
– Throughout the paper, J and K will denote countable index sets.
123
Arab J Math (2014) 3:23–37 25
3 Preliminary notions
1. Frames in Hilbert spaces
Let H be a Hilbert space, and I a countable set of indexes. ( fi )i∈I ⊂ H is a frame for H , if:
∃ A , B : 0 < A ≤ B < ∞ so that ∀ f ∈ H
A‖ f ‖2 ≤
∑
j∈I
| < f, fi > |2 ≤ B‖ f ‖2
A and B are the lower and upper bounds of the frame { fi }i∈I , and {< f, fi >}i∈I are the coefficients of f
in the frame ( fi )i∈I .
2. Outer frame
( f j ) j∈Z ⊂ H (H Hilbert space) is a outer frame of the closed subspace F of H , if (PF ( f j )) j∈Z is a frame of
F (PF is the orthogonal projection on F). This is equivalent to the existence of constants 0 < m ≤ M < ∞,
so that:
m‖ f ‖2 ≤
∑
j∈Z
| < f, f j > |2 ≤ M‖ f ‖2 ∀ f ∈ F
The three following definitions were introduced by Aldroubi et al. [1]
Definition 3.1 A separate set of points of Rd is a subset of points X = {xk}k∈Z so that inf t 
=s |xt − xs | > 0.
Definition 3.2 Let X = {xk}k∈Z ⊂ Rd be a separate set of points. The gap of X is defined by
ρ = ρ(X) := inf{r > 0 : ∪k∈Z Br (xk) = Rd}
where Br (xk) is the ball of the center xk and radius r .
Definition 3.3 Let Q be a non-empty and measurable subset of Rd . We define the closed subspaces of L2(Rd):
KQ := { f ∈ L2(Rd) : supp f ⊆ Q a.e}, and
BQ := { f ∈ L2(Rd) : supp ̂f ⊆ Q a.e}
In dimensions greater than one, Beurling proved [7] the following result:
Theorem 3.4 (Beurling): Let X ⊂ Rd be a separate set of points, ρ the gap of X, and  = Br (0). If rρ < 14 ,
then {exk χ}k∈Z is a frame for K.
It is easy to observe that KQ = { ̂f : f ∈ BQ}.
The proofs of the following lemmas are directly deduced from the properties of unitary operators and usual
results of the theory of frames. These demonstrations can be found in [19].
Lemma 3.5 Let Q be a measurable subset of Rd . { f j } j∈Z is a frame for KQ, with bounds m and M if and
only if:
(i) {DA−1 f j } j∈Z is a frame for KAQ with bounds m and M, for all A ∈ GLd(R).
(ii) ∀ and ∈ Rd the set {Ty f j } j∈Z is a frame for Ky+Q with bounds m and M.
(iii) ( fˇ j ) j∈Z is a frame for BQ, also with bounds m and M.
Lemma 3.6 Let V be a measurable and non-empty subset of Q and ∂V the border of V . If { f j } j∈Z is a frame
of KQ, then:
(a) The set of functions { f j } j∈Z is a outer frame of KV .
(b) The set of functions { fˇ j } j∈Z is a outer frame of BV .
(c) If μ(∂V ) = 0, then { f j |V } j∈Z is a frame for KV with the same bounds as the frame { f j } j∈Z of KQ. ( f j |V
is the restriction to f j to the set V ).
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Lemma 3.7 For all measurable subset Q of Rd , we have:
{ f j } j∈Z is a outer frame of KQ if and only if { fˇ j } j∈Z is a outer frame of BQ.
We will state and prove an extremely important result by means of the following demonstrations.
Proposition 3.8 Let 0 
= h ∈ L2(Rd) and S be a set of positive measure such that supp h = S. Let X be a
separate set of points in Rd so that {exk χS}k∈Z is a frame for KS. Then:
(a) span{hexk }k∈Z = KS.
(b) If |h(ξ)| < R < ∞ ∀ξ ∈ S and h(ξ) = 0 in Rd\S, the set {hexk }k∈Z is a Bessel sequence for the Hilbert
space KS.
(c) If 0 < r < |h(ξ)| < R < ∞ ∀ξ ∈ S and h(ξ) = 0 in Rd\S, the set {hexk }k∈Z is a frame for KS.
(d) If h is continuous, the set {hexk }k∈Z cannot be a frame for KS.
For the proof of this proposition, we use the following definitions and results of [4].
Definition 3.9 For two set F ⊆ E ⊆ Rd , let
˜L2(F)
G
= { f ∈ L2(G) : f (x) = 0 a.e. x ∈ G\F}.
If G = Rd , we write L2(F) in place of ˜L2(F)
G
.
Definition 3.10 Let E ⊆ Rd and let
P(E) = { f ∈ L2(Rd) : supp ̂f ⊆ E}.
Proposition 3.11 (Proposition 3.2 of [4]) Let ϕ be a measurable function defined in Rd and {ψk}k∈K be a
frame of L2(E). Then,
1. {ϕψk}k∈K is a frame of L2(E) if and only if there exist constants A and B such that 0 < A ≤ B < ∞ and
A ≤ |ϕ(t)| ≤ B a.e. t ∈ E.
2. If ϕ ∈ L2(Rd) such that {ϕψk} is in L2(E) and |{t ∈ E : ϕ(t) = 0}| = 0, then {ϕψk} is complete in L2(E).
Proposition 3.12 (Proposition 3.5 of [4]) Let ϕ be a measurable function defined in Rd . Let {ψk}k∈K be a
frame of L2(E). Then, {ϕψk}k∈K is a Bessel sequence of L2(E) if and only if there exists a constant B > 0
such that |ϕ(t)| ≤ B a.e. t ∈ E.
Proposition 3.13 (Proposition 3.8 of [4]) Let {ψk}k∈K be a frame of L2(E) and ϕ ∈ L2(Rd) such that {ϕψk}
is in L2(E). Let F := supp(ϕ)⋂ E. Then,
1. span{ϕψk} = ˜L2(F)
E
.
2. {ϕψk}k∈K is a frame sequence of L2(E) if and only if there exist constants A and B such that 0 < A ≤
B < ∞ and A ≤ |ϕ(t)| ≤ B a.e. t ∈ F.
3. Let ϕ be compactly supported. Then, {ϕψk}k∈K is a frame sequence of L2(Rd) if and only if there exist
constants A and B such that 0 < A ≤ B < +∞ and A ≤ |ϕ(t)| ≤ B a.e. t ∈ F.
Corollary 3.14 (From Theorem 4.1 of [4]) Let h ∈ PE such that ̂h is continuous. Then, there does not exist
 = {λk}k∈K ⊆ Rd such that {h(−λk)}k∈K is a frame of PE .
Proof of Proposition 3.8 We observe that L2(S) = KS , where KS is defined in Definition 3.3. We take S = E ,
h = ϕ, Z = K and ψk = exk χS ∀k, in the propositions and previous corollary.
(a) Because supp h = S then of the Proposition 3.13 (1.) we deduce that span{hexk }k∈Z = KS .
(b) We apply the Proposition 3.12 in this demonstration.
(c) We apply the Proposition 3.11 (1). in this demonstration.
(d) We note that PS = BS , where BS is defined in Definition 3.3. We suppose that {hexk }k∈Z is a frame of
KS , being h a continuous function, then from Lemma 3.5 (i i i) the set {hˇ(−xk)}k∈Z is a frame of PS . This
contradicts the Corollary 3.14. unionsq
In the next section, we generalize the definition of MRA, to irregular generalized multiresolution analysis
(IGMRA), admitting separate sets of points, not necessarily regular lattices for the translations. The subspaces
of the MRA are not related by dilations anymore, but it is allowed that each subspace be generated by outer
frames of translations. We then proved the existence of these new structures, and associated them wavelet
frames with good localization.
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4 Irregular generalized multiresolution analysis
Definition 4.1 Let X = {X j } j∈Z ⊂ Rd , X j = {x jk }k∈Z a separate set for each j , and V = {V j } j∈Z a set
of closed subspaces of L2(Rd). We can say that the pair {V, X} is a Irregular Generalized Multiresolution
Analysis1, if
(a) ...V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ ...
(b) ∪ j∈ZV j = L2(Rd)
(c) ∩V j = 0
(d) there is a family of functions {ϕ j } j∈Z in L2(Rd), so that for each j , the set {ϕ j (x − x jk )}k∈Z is a outer
frame of V j .
We call {ϕ j } j∈Z the generating family of IGMRA.
Remark 4.2 We observe that:
1. Let ϕ j = DA j ϕ be, with ϕ ∈ L2(Rd) scaling function of a MRA, determined by an expansive matrix A,
such that A(Zd) ⊂ Zd , and ∀ j ∈ Z are the lattices X j := A− j Zd (x jk = A− j k ∀ j, and ∀ k ∈ Zd ); because
any frame of a subspace, is also an outer frame for the same subspace, it follows that the classical MRA is
a particular case of IGMRA by Definition 4.1.
2. In general, the subspace V j cannot be determined from the function ϕ j , because this function does not
necessarily belong to V j .
3. In the multiresolution analysis with dilation factor from a matrix expansive A, we have
V j = DA j V0 ∀ j
In the IGMRA, this property becomes meaningless.
Definition 4.3 Generalized Wavelet of L2(Rd)
A sequence of pairs {ψ j , X j } j∈Z is called a generalized wavelet of L2(Rd) if
{ψ j (. − x jk )} j∈Z,k∈Z (1)
is a frame of L2(Rd), generated by the translations of a countable set of functions {ψ j } j∈Z on a separate set
of points X j = {x jk }k∈Z.
Remark 4.4 If {DA j Tx jk ψ} j∈Z; k∈Z is a frame of L
2(Rd), in particular is a generalized wavelet, it suffices to
consider ψ j = DA j ψ and X j = {A− j x jk }k∈Z.
Here, the concept of association of wavelets to an IGMRA is extended.
Definition 4.5 Let {V, X} be an IGMRA, with X = {X j } j∈Z, and {ψ j , X j } j∈Z a generalized wavelet of
L2(Rd). We can say that the generalized wavelet is associated with IGMRA {V, X}, if for each j ∈ Z the
frame of translations {T
x jk
ψ j }k∈Z is a frame (outer frame) of the orthogonal complement of V j in V j+1.
What follows below, shows the existence of IGMRA for spaces L2(Rd), and of the generalized wavelets
associated with it.
4.1 Existence of IGMRA and associated wavelets
Theorem 4.6 Let {U j } j∈Z be a collection of open and bounded subsets of Rd that verify:
1. ...U−1 ⊂ U0 ⊂ U1 ⊂ ...
2. μ(
⋂
j U j ) = 0
3. μ(∂U j ) = 0 ∀ j ∈ Z
1 Multiresolution Analysis is Irregular in itself, in the event that the separate set is not the regular lattice.
123
28 Arab J Math (2014) 3:23–37
4.
⋃
j∈Z U j = Rd
5. Let {ε j } j∈Z be a sequence of positive numbers.
(a) Let Uε j := {x ∈ Rd : d(x,U j ) < ε j }; and
(b) X j = {x jk }k∈Z ⊂ Rd be separate sets of points such that {ex jk χUε j }k∈Z is a frame for KUε j , with bounds
m j and M j . (This is possible because the sets Uε j are open and bounded
2).
(c) Let {ϕ j } j∈Z ⊂ L2(Rd) so that:
– ϕ̂ j ∈ KUε j
– 0 < c j ≤ |ϕ̂ j (ω)| ≤ C j < ∞ ∀ω ∈ U j .
Then, {V, X} is an IGMRA for L2(Rd), with V = {BU j } j∈Z, and X = {X j } j∈Z. {ϕ j } j∈Z is the generating
family of IGMRA.
Proof We begin by showing that the subspaces BU j verify the properties (a), (b), (c), and (d) of Definition
4.1:
(a) U j ⊂ U j+1 ∀ j ⇒ U j ⊂ U j+1 ∀ j , then BU j ⊂ BU j+1 ∀ j . Therefore:
...V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ ...
(b) We will show that ∪ j∈ZV j = L2(Rd).
The set D := { f ∈ L2(Rd) : supp ̂f is compact} is dense in L2(Rd).
If f ∈ D, S := supp ̂f is compact, then as {U j } j∈Z is a covering by open sets of Rd , there exists a set
{ j1, j2, . . . , jn} ⊂ Z so that S ⊂ ∪ni=1U ji . By hypothesis 1) S ⊂ U jn , then supp ̂f ⊂ U jn , therefore
f ∈ BU jn = V jn . Therefore, D ⊂ ∪ j∈ZV j , and this implies that ∪ j∈ZV j = L2(Rd).
(c) We can see that ∩ j∈ZV j = 0.
If f ∈ ∩ j∈ZV j then S := supp ̂f ⊂ U j = U j ∪ ∂U j ∀ j . Then S ⊂ ∩ j∈Z(U j ∪ ∂U j ) = (∩ j∈ZU j ) ∪
(∩ j∈Z∂U j ). By hypothesis, both sets of the union have a null measurement, then μ(S) = 0, thus ̂f = 0 a.e,
and consequently f = 0 a.e.
(d) We can now prove that {ϕ̂ j ex jk χUε j }k∈Z is an outer frame for KU j . By hypothesis b) the set {ex jk χUε j }k∈Z
is a frame for KUε j . Furthermore, U j ⊂ Uε j and μ(∂U j ) = 0, then
{(e
x jk
χUε j )|U j }k∈Z = {ex jk χU j }k∈Z
is a frame for KU j (c) of Lemma 3.6). Because 0 < c j ≤ |ϕ̂ j (ω)| ≤ C j < ∞ ∀ω ∈ U j , by c) of the
Proposition 3.8, it follows that {ϕ̂ j ex jk χU j }k∈Z is a frame of KU j . Then, by definition of outer frames, we
obtain
{ϕ̂ j ex jk χUε j }k∈Z
is an outer frame of KU j . Then, by Lemma 3.6(b))
{T
x jk
ϕ j }k∈Z = {ϕ j (x − x jk )}k∈Z
is an outer frame of V j = BU j
As shown in (a), (b), (c) and (d), {V, X} is an IGMRA of L2(Rd).Let V = {BU j } j∈Z, X = {X j } j∈Z, and{ϕ j } j∈Z be the IGMRA generating family. unionsq
2 Since Uε j is open and bounded, r j > 0 exists, so that Uε j ⊂ Br j (0). We chose a separate set of points X j , for each j ∈ Z, so
that its gap ρ j verifies r j .ρ j < 1/4, then by the Beurling Theorem, {ex jk χBr j (0)}k∈Z, is a frame for KBr j (0). As a μ(∂Uε j ) = 0,
by c) of Lemma 2, we have that {e
x jk
χUε j }k∈Z is frame of Uε j .
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Fig. 1 Example in L2(R). Supp h = Q, μ(∂Q) = 0, supp hε = Qε = {x ∈ R : d(x, Q) < ε}, Qε ⊃ Q, hε is a continuous
function, and h 
= 0 in Q
Fig. 2 Example in L2(R2). Supp hε = Qε , hε is a continuous function, Qε ⊃ Q, μ(∂Q) = 0, hε |Q = h, and | h |
= 0 in Q
In Theorem 4.9, it is proved that we can associate this type of multiresolution analysis frames of translations
with good localization, in the sense of Definition 4.5.
The central idea of this approach, is basically the same used by Ingrid Daubechies and Ron DeVore [15].
Given a bounded set Q ⊂ Rd with μ(∂Q) = 0, and a function h with supp h = Q so that 0 < c ≤ |h| ≤
d < ∞, we consider a set Qε ⊃ Q (Qε also bounded), and a function hε of class Cn so that supp hε = Qε
and hε |Q = h (see Figs. 1, 2). From these results, we worked with the function hˇε that has good localization
because hε ∈ Cn , thus obtaining frames with good localization.
Remark 4.7 We observe that,
〈 ̂f , hε〉 = 〈 ̂f , h〉 ∀ ̂f ∈ KQ
then
〈 f, hˇε〉 = 〈 f, hˇ〉 ∀ f ∈ BQ
We need to incorporate a definition, contained in [1] before exposing the following theorem.
Definition 4.8 A set H := {h j } j∈J of measurable functions on Rd is called a Riesz partition of unity (RPU),
if there exist constants 0 < p ≤ P < +∞ such that p ≤ ∑ j∈J |h j (x)|2 ≤ P a.e x ∈ Rd .
Let S = {S j } j∈J be a family of measurable subsets of Rd . A Riesz partition of unity associated to S, is a set
H := {h j } j∈J of measurable functions, such that
– Supp h j ⊆ S j
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Theorem 4.9 Under the same hypothesis as in Theorem 2 for {U j } j∈Z, the sequence {ε j } j∈Z, {Uε j } j∈Z and
the sets X j . If:
1. 0 < m := inf j m j ≤ M := sup j M j < ∞, with m j and M j bounds of the frame {ex jk χUε j } of KUε j ,
2. We define:
– Q j := U j+1\U j , and
– Q
ε j+1
j := {x ∈ Rd : d(x, Q j ) < ε j+1}
3. We assume set of functions {h j } j∈Z of L2(Rd) so that:
(a) {h j } j∈Z is Riesz partition of unity with bounds p and P,
(b) h j ∈ KQε j+1j ∀ j .
(c) 0 < d j ≤ |h j (ω)|2 ≤ D j < ∞ ∀ω ∈ Q j
Then,
{hˇ j (x − x j+1k )} j∈Z,k∈Z (2)
is a frame of translations of L2(Rd), with bounds mp and M P; and the pair {hˇ j , X j+1} j∈Z is a generalized
wavelet associated with the IGMRA {V, X} determined in Theorem 4.6.
Before proving this theorem, we will introduce Theorem 4.10 and its remark of Aldroubi et al. [1].
Theorem 4.10 (Aldroubi, Cabrelli, Molter) Let J and K be countable index sets. If the set H = {h j } j∈J ⊂
L2(Rd) is RPU, with bounds p and P. For each j ∈ J , we define
(a) W j := {h j f : f ∈ L2(Rd)}.
(b) Let 0 < c ≤ p,
Q j := Q j (c) = {x ∈ Rd : |h j (x)|2 > c}, for each j ∈ J .
For a given c, we discard all those j such that Q j has measure zero. Note that if J0 = { j ∈ J : μ(Q j ) > 0},
then we can only claim that H0 = {h j : j ∈ J0} is a RPU associated to {Q j } j∈J0 with bounds c and P.
(1) Let {g jk}k∈K be a frame for W j with bounds m j and M j , respectively. If m := inf j m j > 0 and
M := sup j M j < ∞, then the set {h j g jk} j∈J,k∈K is a frame for L2(Rd) with bounds p.m and P M.
(2) Let 0 < c ≤ p be, if for each j ∈ J0, {g jk}k∈K is a frame for KQ j with bounds m j and M j , respectively,
and it is verified that m := inf j m j > 0 and M := sup j M j < ∞, then {h j g jk} j∈J0,k∈K is a frame forK∪Q j , with bounds c.m and P.M.
Remark 4.11 (of Theorem 4.10)
– Note that in the previous theorem, instead of choosing a frame for the subspaces W j , we could have chosen
any collection of functions of L2(Rd) that form an outer frame for W j .
– If h is a bounded function and Q = supp h, then it is easy to see that closureL2{h f : f ∈ L2(Rd)} = KQ
if and only if μ(Q) = μ({x : |h(x)| > 0}). So, the spaces W j will coincide in most of the cases with
Ksupp(h j ).
Proof of Theorem 4.9 The subspaces W j := BQ j are the orthogonal complements of V j in V j+1 ∀j ∈ Z.
We will prove that {h j ex j+1k χQε j+1j }k∈Z is an outer frame for KQ j .
The set {e
x j+1k
χUε j+1 } is frame of KUε j+1 with bounds m j+1 and M j+1, Q j ⊂ Uε j+1 and μ(∂Q j ) = 0,
then by (c) of Lemma 3.6, the collection {e
x j+1k
χQ j }k∈Z is frame for KQ j with the same bounds. Then by
hypothesis (c) of the Proposition 3.8, we obtain:
{h j ex j+1k χQ j }k∈Z (3)
is frame for KQ j . We will prove that its bounds are d j .m j+1, and D j .M j+1.
Let f ∈ KQ j then h j f ∈ KQ j . As KQ j ⊂ KUε j+1 and {ex j+1k χUε j+1 } is frame of KUε j+1 with bounds
m j+1 and M j+1 then
m j+1‖h j f ‖2 ≤
∑
k∈Z
| < h f, e
x j+1k
χUε j+1 > | ≤ M j+1‖h j f ‖2 (4)
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Since h j f ∈ KQ j then
∑
k∈Z
| < h f, e
x j+1k
χUε j+1 > | =
∑
k∈Z
| < h f, e
x j+1k
χQ j > |
Furthermore by hypothesis 3.c
1. d j m j+1‖ f ‖2 ≤ m j+1‖h j f ‖2, and
2. M j+1‖h j f ‖2 ≤ D j M j+1‖ f ‖2
Therefore of (4) it follows that
d j m j+1‖ f ‖2 ≤
∑
k∈Z
| < f, h j ex j+1k χQ j > | ≤ D j M j+1‖ f ‖
2 (5)
We can now prove that {h j ex j+1k χQε j+1j }k∈Z is outer frame for KQ j with bounds d j m j+1 and D j M j+1.
Let f ∈ KQ j be, then
d j m j+1‖ f ‖2 ≤
∑
k∈Z
| < f, h j ex j+1k χQ j > |
2 ≤ D j M j+1‖ f ‖2 (6)
since supp f ⊂ Q j and μ(∂Q j ) = 0, we have:
< f, h j ex j+1k
χQ j >=< f, h j ex j+1k χQε j+1j > (7)
then the expression (6) is identical to:
d j m j+1‖ f ‖2 ≤
∑
k∈Z
| < f, h j ex j+1k χQε j+1j > |
2 ≤ D j M j+1‖ f ‖2 (8)
from which we deduce that {h j ex j+1k χQε j+1j }k∈Z is outer frame for KQ j with bounds d j m j+1, and D j M j+1.
By b) of Lemma 3.6, the set
{hˇ j (x − x j+1k )}k∈Z (9)
is a outer frame for BQ j = W j with bounds d j m j+1 and D j M j+1.
We will prove that {hˇ j (x − x j+1k )} j∈Z,k∈Z is frame of L2(Rd):
h j ∈ KQε j+1j ⇒ W j ⊂ KQε j+1j ⊂ KUε j+1 , where W j are the subspaces defined in Theorem 4.10. The{e
x j+1k
χUε j+1 }k∈Z set is frame of KUε j+1 with bounds m j and M j , then {ex j+1k χUε j+1 }k∈Z is a outer frame of
W j with bounds m j and M j . Since {h j } j∈Z is RPU with bounds p and P by Theorem 4.10 (part 1)) and its
subsequent Remark, the set:3
{h j ex j+1k χUε j+1 } j∈Z,k∈Z = {h j ex j+1k χQε j+1j } j∈Z,k∈Z
is frame of L2(Rd) with bounds pm and P M . Then,
{hˇ j (· − x j+1k )} j∈Z,k∈Z
is frame for L2(Rd) with bounds pm and P M . unionsq
Remark 4.12 1. {hˇ j , X j+1} j∈Z is a generalized wavelet (frame of translations) associated to IGMRA {V, X}
determined in Theorem 4.6.
2. The frame {hˇ j (· − x j+1k )} j∈Z,k∈Z may have a localization as good as desired, depending on the degree of
smoothness of the functions h j .
3 h j ∈ KQε j+1j and μ(∂Q
ε j+1
j ) = 0.
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5 Examples of IGMRA and associated wavelets in L2(R)
Let Q = (−1,−1/2]∪[1/2, 1), 0 < ε < 1/2,̂h+ be, a real function so that supp̂h+ ⊆ Q+ε = [1/2−ε, 1+ε],




̂h+(ξ) if ξ ∈ Q+ε
̂h+(−ξ) if ξ ∈ −Q+ε
2. ̂h j := ̂h(2− j ).
Let:
– U j := (−2 j , 2 j )
– Uε j := 2 j (−1 − ε, 1 + ε), ε j := 2 jε ∀ j)
– X j := {x jk }k∈Z separate set of R, which verifies that ρ(X j )2 j (1 + ε) < 1/4.
If 0 < m := inf j m j ≤ M := sup j M j < ∞ for m j and M j bounds of the frame {ex jk χUε j }k∈Z of KUε j ,
then:
(a) {V, X} is an IGMRA, where V = {BU j } j∈Z, X = {X j } j∈Z, and {χˇUε j } j∈Z a family of generators.
(b) The pair {h j , X j+1} j∈Z is a generalized wavelet for L2(R) associated with IGMRA {V, X}.
Before the proof, the previous example adds a definition given in [1].
Definition 5.1 Let S = {S j } j∈J ⊆ Rd be a family of measurable subsets such that S is a covering of Rd .
Define




where #(B) is the cardinal of the set B. The covering index of S is defined as ρS =: ‖ρS‖∞.
Proof (a) We see the hypotheses of Theorem 4.6 are verified,
– U j = (−2 j , 2 j ) ⊂ (−2 j+1, 2 j+1) = U j+1 for all j ∈ Z.
– ∩ j∈ZU j = 0, then μ(∩ j∈ZU j ) = 0
– μ(∂(U j )) = 0 ∀ j
– ∪ j∈ZU j = R
Since ρ(X j ).2 j+1(1 + ε) < 1/4 then by Theorem 3.4, the set {e
x jk
χUε j }k∈Z is a frame of KUε j . If we take
ϕ̂ j = χUε j , all the hypotheses of Theorem 4.6 are fulfilled, with which {V, X} is a IGMRA.
(b) Defining,
– Q j−1 := U j\U j−1 = 2 j Q
– Q
ε j
j−1 := {x ∈ R : d(x, Q j−1) ≤ ε j = 2 jε}
We observe that:
– supp ̂h ⊆ −Q+ε ∪ Q+ε
– supp ̂h j ⊆ Qε jj−1
Let:
– Q := {Q j } j∈Z
– Qε := {Qε j+1j } j∈Z
Q is a covering of R\{0} by disjoint sets.
Because Q j ⊂ Qε j+1j , Qε is also a covering of R\{0}.
The covering index of Qε is also finite and grows with ε. We will prove this.
Let x ∈ R and 0 < ε < 1/2. Assume that 0 < j0 ∈ Z so that x ∈ Q j0 4.
If k = 0, since x ∈ Q j0 and Q j0 ⊂ Q
ε j0+1
j0
then x ∈ Qε j0+1j0 .
Let k 
= 0, then
4 Similarly is shown that the covering index of Qε is finite and grows with ε if j0 ≤ 0.
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– If k > 0:
2 j0+k − 2 j0+1 ≤ d(x, Q j0+k) ≤ 2 j0+k − 2 j0 (10)
– If k < 0:
2 j0 − 2 j0+k+1 ≤ d(x, Q j0+k) ≤ 2 j0+1 − 2 j0+k+1 (11)
It follows
1. If k > 0 and x ∈ Qε j0+k+1j0+k , there exists a constant 0 < k0(ε) ∈ Z so that k ≤ k0(ε).
2. If k < 0 and x ∈ Qε j0+k+1j0+k , then k = −1.
We will prove this.
1. Assume k > 0. If x ∈ Qε j0+k+1j0+k , then
d(x, Q j0+k) ≤ 2 j0+k+1ε. From (10), it follows that
2 j0+k − 2 j0+1 ≤ 2 j0+k+1ε
or
2 j0+k − 2 j0 ≤ 2 j0+k+1ε
Therefore,
1/2 − 1/2k ≤ ε or 1/2 − 1/2k+1 ≤ ε
This is only valid for a finite number of k (0 < ε < 1/2). Then, there exists
k0(ε) := max{k > 0 : 1/2 − 1/2k ≤ ε}. So k ≤ k0(ε).
1. Suppose now k < 0. Since x ∈ Qε j0+k+1j0+k , from (11)
2 j0 − 2 j0+k+1 ≤ 2 j0+k+1ε
or
2 j0+1 − 2 j0+k+1 ≤ 2 j0+k+1ε
Therefore,
1/2k+1 − 1 ≤ ε or 1/2k − 1 ≤ ε
Since 1/2k − 1 ≥ 1 ∀k < 0 there is no k < 0 such that 1/2k − 1 ≤ ε.
The expression 1/2k+1 − 1 < ε is only valid for k = −1.
Therefore, ρQε (x) ≤ k0(ε) + 2 ∀x ∈ R.
Remark 5.2 We observed that
– ρQε (x) does not depend on j0.
– k0(ε) increases if ε increases.
Then, the index of covering of Qε is
ρQε ≤ k0(ε) + 2
Now let us ascertain that hypotheses of Theorem 4.9 are verified.
We observe that {̂h j } j∈Z is a Riesz partition of unity,
(i) If ξ ∈ R, then ρQε (x) ≤ ρQε and since |̂h j | ≤ C , then:
∑
j∈Z
|̂h j (ξ)|2 ≤ C2ρQε
(ii) ∀ξ ∈ R there is a single j ∈ Z such as 2− jξ ∈ Q, then |̂h j (ξ)|2 = |̂h(2− jξ)|2 > c2
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|̂h j (ξ)|2 ≤ C2ρQε a.e ξ ∈ Rd
By definition of ̂h j , the hypothesis about h+, and since supp ̂h j ⊆ Qε jj−1, we have:
0 < c ≤ |̂h j (ξ)| ≤ C < ∞ ∀ξ ∈ Q j
Then, according to the hypothesis of Theorem 4.9,
{h j (· − x j+1k )} j∈Z,k∈Z
is a frame of L2(R) with bounds mc2 and MC2ρQε , and {h j , X j+1} j∈Z is a generalized wavelet associated
with IGMRA {V, X}.
As h j = 2 j h(2 j ·) and h = 2Re h+, then the previous frame is:
{2 j+1 Re h+(2 j (· − x jk ))} j∈Z,k∈Z
unionsq
Based on these results, we present concrete examples.
5.1 Wavelets associated to the IGMRA determined in Sect. 5
5.1.1 Wavelets without good localization















x − x jk
))
} j∈Z,k∈Z
is a generalized wavelet of L2(R) associated with IGMRA {V, X} of the Sect. 5. This frame does not have
good localization because its functions decay as O(|x |−1).
5.1.2 Wavelets with good localization
For the same IGMRA, we take ε = 1/4, and ̂h+ = nβn−1((ξ − 1/4)n), being βn−1 the spline function of
degree n whose support is [0, n]. 5
If ̂h(ξ) :=
{
̂h+(ξ) if ξ ∈ Q+ε := [1/4, 5/4]
̂h+(−ξ) if ξ ∈ −Q+ε
then supp ̂h = [−5/4,−1/4] ∪ [1/4, 5/4] and
i. 0 < c ≤ |̂h| on Q := [−1,−1/2] ∪ [1/2, 1] with c = nβn−1((1/4)n) = nβn−1((3/4)n)
ii. By definition |̂h| ≤ n.
Let Q j = 2 j Q and ̂h j = ̂h(2− j ), if ε j = 2 jε = 2 j−2 and
Q
ε j
j−1 := {x ∈ R : d(x, 2 j−1 Q) ≤ 2 j−2}
then the index of covering ρQε of Qε := {Qε jj−1} j∈Z is finite (0 < ε < 1/2).
We deduce that:
5 The term β-spline is due to Isaac Jacob Schoenberg, Romanian mathematician (April 21, 1903–February 21, 1990) and is
short of basic spline. β0 is defined as χ[0,1], and βk recursively as the convolution product βk = βk−1 ∗ βo whose support is[0, k + 1].
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1. supp ̂h j = Qε j+1j
2. 0 < c ≤ |̂h j (ξ)| ≤ n ∀ξ ∈ Q j
3. c2 ≤ ∑ j∈Z |̂h j (ξ)|2 ≤ n2ρQε a.e ξ ∈ Rd
Again the hypotheses of Theorem 4.9 are fulfilled. Since Re h+(x) = cos( 32πx)sincn(πn x), we obtain a
generalized wavelet associated with IGMRA {V, X}:
{





(x − x jk )
)}
j∈Z,k∈Z
This frame has good localization. Its functions decay as O(|x−n|), because βn−1 ∈ Cn−1.
6 Examples of IGMRA and associated wavelets in L2(R2)
Let ε j = 4 jε ∀ j ∈ Z with 0 < ε < 1/4, and the sets:
1. U j = B4 j (0) ∀ j ∈ Z
2. Uε j = {x ∈ R2 : d(x,U j ) < ε j } = B4 j (1+ε)(0) ∀ j
3. Q j = U j+1\U j = {(u, v) ∈ R2 : 4 j ≤ u2 + v2 < 4 j+1} ∀ j ∈ Z
4. Q
ε j+1
j = {x ∈ R2 : d(x, Q j ) < ε j+1} ∀ j ∈ Z
5. X j = {x jk }k∈Z ⊂ R2 a separate set such that ∀ j ∈ Z, the set {ex jk χUε j }k∈Z is frame of KUε j with bounds
m j and M j .
Then, {V, X} is an IGMRA of L2(R2), where V = {BU j }, X = {X j } j∈Z and {χˇUε j } j∈Z is a generating family
of IGMRA. The proof of this result is omitted because it is similar to the demonstration given for the example
of Sect. 5.
6.1 Wavelets associated to the IGMRA determined in Sect. 6
If 0 < m := inf j m j ≤ M := sup j M j < ∞ for m j and M j lower and upper bounds of the frame
{e
x jk
χUε j }k∈Z of KUε j , there are different generalized wavelets associated with IGMRA {V, X} of the Sect. 6.
If we take a set of functions {̂h j } j∈Z so that:
(i) ̂h j ∈ KQε j+1j ∀ j
(ii) 0 < c ≤ |̂h j | ≤ k < ∞ on Q j .
Then, by Theorem 4.9, {T
x jk
h j } j∈Z,k∈Z is a generalized wavelet for L2(R2) associated with IGMRA.
6.1.1 Wavelets without good localization
Let ε = 0 and ̂h j = χQ j , the hypotheses of Theorem 4.9 are verified, then:
{T
x jk
h j } j∈Z,k∈Z
will be a generalized wavelet associated with the IGMRA {V, X} of the Sect. 6. This frame does not have





6.1.2 Wavelets with good localization
If 0 < ε < 1/4
Q
ε j+1
j = {(ξ1, ξ2) ∈ R2 : 4 j (1 − 4ε) < ξ21 + ξ22 < 4 j+1(1 + ε)}
and we take
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̂h j (ξ1, ξ2) = nβn−1
(
(
ξ21 + ξ22 − 4 j (1 − 4ε)
) n
4 j (3 + 8ε)
)
It follows:
– supp ̂h j = Qε j+1j ∀ j , then ̂h j ∈ KQε j+1j
– |̂h j | ≤ n and 0 < c ≤ |̂h j | on Q j (c = ̂h j (˜ξ1,˜ξ2), with ˜ξ21 +˜ξ22 = 4 j o ˜ξ21 +˜ξ22 = 4 j+1)
The functions {̂h j } j∈Z form a RPU with bounds p = c2 and P = ρQε n, where ρQε is the covering index of
Qε := {Qε j+1j } j∈Z, it is finite because ε < 1/4 6. Theorem 4.9 hypotheses are verified, then the generalized
wavelet:
{h j (x − x jk )} j∈Z,k∈Z
will be associated with the same IGMRA {V, X} of the Sect. 6. This frame is good localized because it decays
as O(|x |−n), due to ̂h j is Cn−1 class. Its bounds will be c2m and ρQε nM .
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